SOLVING FOR ROOTS OF NONLINEAR EQUATIONS

Polynomial function:


A function 
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 is said to be a polynomial function if 
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 is a polynomial in x.
i.e.
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 where a0=0, the coefficients a0,a1,a2….an are real constants and n is a non-negative integer.

Algebraic function:


A function which is a sum or difference or product of two polynomials is called an algebraic function; otherwise, the function is called a transcendental or non-algebraic function.


If 
[image: image4.wmf](

)

fx

 is an algebraic function, then the equation 
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 is called an algebraic equation.


If 
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 is a transcendental function, then the equation f(x) = 0 is called a transcendental equation.

e.g:
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 are examples of transcendental equations.
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Consider the equation   F(x)=0, roots of equation 
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are the values of x which satisfy the above expression. Also referred to as the zeros of an equation 

Example 1: 

 Find the roots of 
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Roots of this function are found by examining the equation 3x5+2x2+x–10 = 0 and solving for the values of x which satisfy this equality. 

Example 2:
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      x = 
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     x3=8 
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        x3 –8 = 0 
Find roots by examining the equation 
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Notes on root finding :
Roots of equations can be either real or complex. 

Recall x = a is a real number; x = a + ib is a complex number, where i2 = -1
A large variety of root finding algorithms exist, we will look at only a few. 

Each algorithm has advantages/disadvantages, possible restrictions, etc. 

Bisection Method with One Root in a Specified Interval :
You know that the root lies in the interval [a1, b1] 

xr = the root that we are looking for 

The midpoint of the starting interval is c1 = 
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Evaluate f(a1),  f(b1),f(c1)Then consider the product
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Root x must lie in interval [c1, b1]
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 Root x must lie in interval [a1, c1]

Selection of the interval is based on the fact that the sign of f(x) changes within the  

Interval in which the root lies. 

Now reset the interval and repeat the process. Therefore for this case, the second iteration 

interval becomes [a2,b2]=[c1, b1]. 

Now evaluate the midpoint of the second interval as c2 = 
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Evaluate f(a2), f(c2), f(b2). Consider the product
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 => root x must lie in interval [c2, b2].
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   => Root x must lie in interval [a2,c2].

Repeat until a certain level of convergence has been achieved. 

Interval size, I, after n steps 


[image: image29.wmf](

)

11)

nn

(b–a

b– a

I   

22

n

==


Example :
• Find the root of f(x) = x 2 – 7 in the interval [1,4] 
	     n 

Iteration 
	An
	bn
	cn
	f(an)
	f(bn)
	f(cn)


	    1
	1
	4
	2.5
	-6
	9
	-0.75

	    2
	2.5
	4
	3.25
	-0.75
	9
	3.56

	    3
	2.5
	3.25
	2.875
	-0.75
	3.56
	1.266

	    4
	2.5
	2.875
	2.6875
	-0.75
	1.266
	0.2226

	    5
	2.5
	2.6875
	2.59375
	-0.75
	0.226
	-0.27246

	6
	2.59375
	2.6875
	2.640625 ±0.0468
	
	
	


The actual root to this equation is 2.645751. The actual error for our 6th iteration estimate 

is 0.0051. 

Problems with the Bisection Method 
Multiple roots in an interval [a1, b1]. 

      If  
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, then the bisection method will find one of the roots. However it is 

not very useful to know only one root! 

Either use another method or provide better intervals. You can use graphical methods 

or tables to find intervals. 

Double roots :
The bisection method will not work since the function does not change sign 

e.g. 
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Singularities :
The bisection method will solve for a singularity as if it were a root. Therefore we 

must check the functional values to ensure convergence to see if it is indeed a root. 

Newton-Raphson Method: 


The Newton-Raphson method is a powerful and elegant method to find the root of  an equation. This method is generally used to improve the results obtained by the previous methods.


Let x0 be an approximate root of  f(x)=0, and let x1=x0+h  be the correct root which implies that f(x1)=0. We use Taylor’s theorem and expand
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Neglecting h2,h3…….)
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Substituting this in X1, we get, 
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X1 is a better approximation than X0
Successive approximations are given by X2, X3 , X1 ……. 
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This is called Newton-Raphson formula.

Example : 

Apply Newton-Raphson method to find an approximate root,correct to three decimal places,of  the equation x3-3x-5=0,which lies near x=2.

Solution: 



Here  f(x)=  x3-3x-5 and f1(x) = 3x2-3
 The Newton-Raphson iterative formula is 
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To find the root near x=2,we take x0=2 then
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Since x3 and x4 are identical upto 3 places of decimal,we take x4=2.279 as the required root, correct to  three places of the decimal.
 Notes on Newton’s Method 

Convergence rate for Newton’s method is very high!! 

Error estimates are very good (however will be case dependent on the form of the function 
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Newton’s method can find complex roots. 
Problem with Newton’s Method 

If the local min/max is selected as an initial guess 
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